Spaces of variable smoothness and integrability: 
Characterizations by local means and ball means of 

differences 

Henning Kempka* Jan Vybiral^ 
January 18, 2013 

Abstract 

We study the spaces and i^^^'.'^^ ^^^.^ (M") of Besov and Triebel- 

Lizorkin type as introduced recently in [T] and |17| . Both scales cover many clas- 
sical spaces with fixed exponents as well as function spaces of variable smooth- 
ness and function spaces of variable integrability. 

The spaces and have been introduced in P and [17] 

by Fourier analytical tools, as the decomposition of unity. Surprisingly, our 
main result states that these spaces also allow a characterization in the time- 
domain with the help of classical ball means of differences. 

To that end, we first prove a local means characterization for q{.)(^") 
with the help of the so-called Peetre maximal functions. Our results do also 
hold for 2-microlocal function spaces ^ ^^^(R") and i^^^ ^|-^(R") which are 
a slight generalization of generalized smoothness spaces and spaces of variable 
smoothness. 

Key words: Besov spaces, Triebel-Lizorkin spaces, variable smoothness, variable 
integrability, ball means of differences, Peetre maximal operator, 2-microlocal spaces. 
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1 Introduction 



Function spaces of variable integrability appeared in a work by Orlicz [32] already 
in 1931, but the recent interest in these spaces is based on the paper of Kovacik and 
Rakosnik [33] together with applications in terms of modelling electrorheological 
fluids ^46j. A fundamental breakthrough concerning spaces of variable integrability 
was the observation that, under certain regularity assumptions on p{-), the Hardy- 
Littlewood maximal operator is also bounded on Lp(.-)(]R"'), see [13]. This result has 
been generalized to wider classes of exponents p{-) in [11], [Jl] and [T5] . 
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Besides electrorheological fluids, the spaces Lp(^.^{W^) possess interesting applications 
in the theory of PDE's, variational calculus, financial mathematics and image pro- 
cessing. A recent overview of this vastly growing field is given in |16j. 
Sobolev and Besov spaces with variable smoothness but fixed integrability have 
been introduced in the late 60's and early 70's in the works of Unterberger [58], 
Visik and Eskin Unterberger and Bokobza [S7] and in the work of Beauzamy 
[TJ. Leopold studied in ^34j Besov spaces where the smoothness is determined by a 
symbol a{x,^) of a certain class of hypoelliptic pseudodifferential operators. In the 
special case a(a;,^) = (1 + these spaces coincide with spaces of variable 

smoothness Bp^p\M."-). 

A more general approach to spaces of variable smoothness are the so-called 2- 
microlocal function spaces i?^^(M"') and F^g(R"). Here the smoothness in these 
spaces gets measured by a weight sequence w = {wj)'^Q. Besov spaces with such 
weight sequences appeared first in the works of Peetre [l3] and Bony [9j. Estab- 
lishing a wavelet characterization for 2-microlocal Holder- Zygmund spaces in |24j 
it turned out that 2-microlocal spaces are well adapted in connection to regularity 
properties of functions ([2S],[3H],[5n])- Spaces of variable smoothness are a special 
case of 2-microlocal function spaces and in [35] and [8] characterizations by differ- 
ences have been given for certain classes of them. 

The theories of function spaces with fixed smoothness and variable integrability and 
function spaces with variable smoothness and fixed integrability finally crossed each 
other in [T7], where the authors introduced the function spaces of Triebel-Lizorkin 
type with variable smoothness and simultaneously with variable integrability. It 
turned out that many of the spaces mentioned above are really included in this new 
structure, see [T7] and references therein. The key point to merge both lines of 
investigation was the study of traces. From Theorem 3.13 in [T7j 

one immediately understands the necessity to take all exponents variable assuming 
p{-) or s(-) variable. So the trace embeddings may be described in a natural way in 
the context of these spaces. Furthermore, this was complemented in [60] by showing, 
that the classical Sobolev embedding theorem 

holds also in this scale of function spaces if the usual condition is replaced by its 
point-wise analogue 

si^[x) — n/pQ{x) = si{x) — n/pi{x), x G M". 

Finally, Almeida and Hasto managed in [Ij to adapt the definition of Besov spaces 
to the setting of variable smoothness and integrability and proved the Sobolev and 
other usual embeddings in this scale. 

The properties of Besov and Triebel-Lizorkin spaces of variable smoothness and 
integrability known so far give a reasonable hope that these new scales of function 
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spaces enjoy sufficiently many properties to allow a local description of many ef- 
fects, which up to now could only be described in a global way. Subsequently, for 
the spaces F^j^'^^ ^^ s^{W^) there is a characterization by local means given in [3D]. This 
characterization still works with Fourier analytical tools but the analyzing functions 
k(),k (z are compactly supported in the time-domain and we only need local 

values of / around x G M" to calculate the building blocks k{2~^ , f ){x). This is in 
sharp contrast to the definition of the spaces by the decomposition of unity, cf. Def- 
initions [1] and [3l For the spaces B^^A ,^{W^) we will prove a local means assertion 
of this type in Section [3] which will be helpful later on. 

The main aim of this paper is to present another essential property of the func- 
tion spaces from [T7] and [1]. We prove the surprising result that these spaces 
j ^j.^(M"') and ^^^^ ^''^^^(M"') with variable smoothness and integrability do also 
allow a characterization purely in the time-domain by classical ball means of differ- 
ences. 

The paper is organized as follows. First of all we provide all necessary notation 
in Section [2j Since the proofs for spaces of variable smoothness and 2-microlocal 
function spaces work very similar (see Remark [2|) we present our results for both 
scales. The proof for the local means characterization will be given in Section [3] 
in terms of 2-microlocal function spaces and we present the version for spaces of 
variable smoothness in Section 13.21 In Section 4 we prove the characterization by 
ball means of differences for i?*||^^^(R") and -F^q,^(M"') and the version for 2- 
microlocal function spaces will be given in Section 14.51 



2 Notation 



In this section we collect all the necessary definitions. We start with the variable 
Lebesgue spaces Lp(.)(M"). A measurable function p : M" — > (0,oo] is called a vari- 
able exponent function if it is bounded away from zero, i.e. if p^ = ess-inf^^gM" p[x) > 
0. We denote the set of all variable exponent functions by T'(R"). We put also 
p+ = ess-sup^g]R„p(a;). 

The variable exponent Lebesgue space -Lp(.-)(]R") consists of all measurable func- 
tions / for which there exist A > such that the modular 



Ql 



)(//A) 



1/(^)1 



dx 



is finite, where 



If we define 



on 



tP ifpG(0,oo), 
'Ppi't) = ■{ if p = oo and t <1, 
^oo if p = oo and t > 1. 

{x G : p{x) = oo} and MJJ = M" \ 1 



n 



then the Luxemburg 
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norm of a function / G Lp(.)(]R") is given by 
||/lLp(.)(M")|| = inf{A > : f^L,(,(M")(//A) < 1} 
= inf J A > : 



' dx < 1 and |/(2;)| < A for a.e. x G 



A 



If p(') > 1, then it is a norm otherwise it is always a quasi-norm. 

To define the mixed spaces £q(.)(Lp(.)) we have to define another modular. For 
p,q & V{W^) and a sequence {fu)ueNo of Lp(.)(M"') functions we define 



< 1 



(1) 



If < oo, then we can replace ([T|) by the simpler expression 



Qe, 



9(0 



The (quasi-)norm in the ^g(.)(Lp(.')) spaces is defined as usual by 

\\fA^q{-){LjK-))\\ =inf{^ > : Qe^^.^(Lp(.^){fu/ f^) < !}• 

It is known, cf. [H |32], that ^ij( )(ip( )) is a norm if q(-) > 1 is constant almost 
everywhere (a.e.) on and p(-) > 1, or if l/p{x) + l/q{x) < 1 a.e. on R", or if 
1 < q{x) < p{x) < oo a.e. on M". Surprisingly enough, it turned out in [32] that the 
condition min(p(x), > 1 a.e. on is not sufficient for ig^.^{Lp(^.-^) to be a norm. 
Nevertheless, it was proven in ^ that it is a quasi-norm for every p,q (z T'{W^). 

For the sake of completeness, we state also the definition of the space Lp(.)(^g(.')), 
which is much more intuitive then the definition of £g(.-)(Lp(.-)). One just takes the 
norm of (/jy(x))jygNo for every x € and then the Lp(.)-norm with respect to 
X G M", i.e. 

II fiy\ -^p{-)(^9(-))|l = II II f'^i^)\^q{x)\\ \Lp{.)\\- 

It is easy to show ([17J) that Lp(.)(£g(.)) is always a quasi-normed space and it is a 
normed space, if in.m{p{x) , q{x)) > 1 holds point-wise. 

The summation in the definition of the norms of £g(.)(Lp(.)) and Lp(.)(^^(.)) can also 
be taken for z/ G Z. It always comes out of the context over which interval the 
summation is taken. Occasionally, we may indicate it by || {fu)'^-oo\ ^g(-)(-^p( ))||' 
By / = Tf and = J-^^f we denote the usual Fourier transform and its inverse 
on the Schwartz space of smooth and rapidly decreasing functions, and on 

<S'(M"), the dual of the Schwartz space. 



2.1 Spaces S;;;j,,(.)(M") and 

The definition of Besov and Triebel-Lizorkin spaces of variable smoothness and in- 
tegrability is based on the technique of decomposition of unity exactly in the same 
manner as in the case of constant exponents. 
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Definition 1. Let cpo G 5(1R") with ipo{x) = 1 for \x\ < 1 and supp ipo {x £ : 
\x\ < 2}. For j > 1 we define 

V9,-(x) = v9o(2-^x)-v5o(2-^'+M- 
One may verify easily tliat 

oo 

^V9j(x) = l for all xGM". 

j=0 

The following regularity classes for the exponents are necessary to make the defini- 
tion of the spaces independent on the chosen decomposition of unity. 

Definition 2. Let g G C(M"). 

(i) We say that g is locally log-Holder continuous, abbreviated g € Cj°^{W"'), if 
there exists ciog(5') > such that 

Closes') 



Igix) -g{y)\ < 



log(e + l/\x - y\ 



holds for all X, 1/ G M". 



(2) 



if 



(ii) We say that g is globally log-Holder continuous, abbreviated g G 
g is locally log-Holder continuous and there exists goo £ ^ such that 

I ^ \ I ^ ''log 

log(e + |x|) 

holds for all x G M". 

Remark 1. With ([2]) we obtain 

\9{x)\ < ciog(<7) + b(0)|, for all x G M". 

This implies that all functions g G C|°|(]R") always belong to Loo(IK") 

If an exponent p G P(M") satisfies 1/p G C'°s(M"), then we say it belongs to the 



and F 



class P^°^(R"). We recall the definition of the spaces B^^ 
as given in jTT] and [T]. 

Definition 3. (i) Let p,q € V^°^{W) with < < p+ < oo, < < q+ < oo 



and let s G C'°f (M"). Then 



F 

I 



< oo > , where 



2^-^(-)(^,/y L,(.)(^,(.)) 



(u) Let p,q £ 



and let s G C, 



/oc * 



Then 



5 



< oo > , where 
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The subscript at the norm symbohzes that the definition formahy does de- 
pend on the resolution of unity. From [30j and [1] we have that the definition of 
the spaces F^^*- j*^^^(R") and j ^^.^(M") is independent of the chosen resolution of 

unity if p,q G P'°s(M"') and s E Cj°^{W^). That means that different start functions 
(po and ifQ from Definition [1] induce equivalent norms in the above definition. So we 
will suppress the subscript if in the notation of the norms. 

Let us comment on the conditions on p,q G P'°s(M"') for the Triebel-Lizorkin spaces. 
The condition < p~ < p"*" < oo is quite natural since there exists also the restric- 
tion p < oo in the case of constant exponents, see and [M]. The second one, 
< < q'^ < oo, is a bit unnatural and comes from the use of the convolution 
Lemma [21] ([13 Theorem 3.2]). There is some hope that this convolution lemma 
can be generalized and the case q~^ = oo can be incorporated in the definition of the 
F-spaces. 

The Triebel-Lizorkin spaces with variable smoothness have first been introduced 
in [17] under much more restrictive conditions on s(-). These conditions have been 
relaxed in [30] in the context of 2-microlocal function spaces (see the next subsec- 
tion). 

Besov spaces with variable p{-),q{-) and s(-) have been introduced in [1]. 
Both scales contain as special cases a lot of well known function spaces. If s,p and 
q are constants, then we derive the well known Besov and Triebel-Lizorkin spaces 
with usual Holder and Sobolev spaces included, see |52J and [S3]. If the smoothness 
s G M is a constant and p G ^^"^(R") with p- > 1, then F^^^,^ ^{M.'') = /:p(.)(M") 
are the variable Bessel potential spaces from [2j and [23] with its special cases 
^°{.),2(^") = Lpi-)0^") and i^p(.),2(K") = ^ ^ 

Taking s G M and q G (0, oo] as constants we derive the spaces F^^ s^^iW^) and 
studied by Xu in [62j and [63]. 

Furthermore it holds F^^^ ^^^^{W^) = p(.-,(M") and B^;L>(IR") equals the variable 

Holder- Zygmund space C^(-)(M") introduced in [3] , [3] and [ISj with < < s+ < 1, 
see [1]. 

2.2 2-microlocal spaces 

The definition of Besov and Triebel-Lizorkin spaces of variable smoothness and inte- 
grability is a special case of the so-called 2-microlocal spaces of variable integrability. 
As some of the results presented here get proved in this more general scale, we present 
also the definition of 2-microlocal spaces. It is based on the dyadic decomposition of 
unity as presented above combined with the concept of admissible weight sequences. 

Definition 4. Let a > and let ai,a2 G M with ai < 02- A sequence of non- 
negative measurable functions w = {'Wj)'jLQ belongs to the class W^^ ^^d only 
if 

(i) there exists a constant C > such that 

< Wj{x) < Cwjiy) (1 + 2^\x - for aU j G No and ah x, y G M" 
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(ii) and for all j G No and all x € M" we have 

2°'^Wj{x) < Wj+i{x) < 2'^^Wj{x). 

Such a system {wj)'j^Q S is called an admissible weight sequence. 

Finally, here is the definition of the spaces under consideration. 

Definition 5. Let w = (t«j)j6No e W"^^^^. Further, let p,q £ P'°s(M") (with 
p^,q^ < oo in the -F-case), then we define 



f^S' 



< oo > , where 



and 



f\ Ki- 



< OO > , where 



The independence of the decomposition of unity for the 2-microlocal spaces from 
Definition [5] follows from the local means characterization (see [30] for the Triebel- 
Lizorkin and Section [3] for the Besov spaces) . 
The 2-microlocal spaces with the special weight sequence 



Wj{x) = 2^'il + 2^\x-xo\y 

have first been introduced by Peetre in 
fard and Meyer gave a characterization in 



with s, s' € M and xq G 



(3) 



XQ 



oo,oo V 



and Hx'o 



and by Bony in [9j. Later on, Jaf- 
and [25] with wavelets of the spaces 
with the weight sequence ([3]) . It turned out 
that spaces of this type are very useful to study regularity properties of functions. 
Subsequently, Levy-Vehel and Seuret developed in [36] the 2-microlocal formalism 
and studied the behavior of cusps, chirps and fractal functions with respect to the 
spaces ■ 

A first step to a more general weight sequence w has been taken by Moritoh and 
Yamada in [39] and wider ranges of function spaces have been studied by Xu in |61] 
and by Andersson in |5]. 

The above definition for 2-microlocal weight sequences was presented by Besov in 
[8] and also in [30] by Kempka. 

A different line of study for spaces of variable smoothness - using different methods 
- are the spaces of generalized smoothness introduced by Goldman and Kalyabin in 
[20] , [21] , [26] and [27] . A systematic treatment of these spaces based on differences 
has been given by Goldman in [2^, see also the survey [28j and references therein. 
Later on, spaces of generalized smoothness appeared in interpolation theory and 
have been investigated in |37j . jlOj and [ID]. For further information on these spaces 
see the survey paper |19j where also a characterization by atoms and local means 
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for these spaces is given. 

From the definition of admissible weight sequences, diaj < CTj+i < c?2Cj, it follows 
directly that the spaces of generalized smoothness i?p^ ''(M"') and Fp,g^^(M") of Farkas 
and Leopold [I9] and B'^'f\w) and F^'f\w) from Moura [lO] are a special sub- 
class of 2-microlocal function spaces with 2"^ = di, 2"^ = and a = 0. 
In a different approach Schneider in [51] studied spaces of varying smoothness. Here 
the smoothness at a point gets determined by a global smoothness sq G M and a 
local smoothness function s(-). These spaces can not be incorporated into the scale 
of 2-microlocal function spaces, but there exist some embeddings. 

Remark 2. Surprisingly, these 2-microlocal weight sequences are directly connected 
to variable smoothness functions s : M" ^ M if we set 

Wj{x) = 2i'^''\ (4) 

If s G Cj^°^(M"') (which is the standard condition on then w = {wj{x))j^-^Q = 

(2-'^(^))jgNQ belongs to with ai = s~ and 02 = . For the third index a 

we use Lemma [19] with m = and obtain a = ciog(s), where ciog(s) is the constant 
for s(-) from ([2]). That means that spaces of variable smoothness from Definition [3] 
are a special case of 2-microlocal function spaces from Definition [5] Both types of 
function spaces are very closely connected and the properties used in the proofs are 
either 

2fcKx)-.{y)| < , !^<c (5) 

for |x — 1/1 < c2^^ . This property follows directly either from the definition of 
s G C'°f (M") or from Definition [3 

Nevertheless there exist examples of admissible weight sequences which can not be 
expressed in terms of variable smoothness functions. For example the important 
and well studied case of the weight sequence w from ([3]) can not be expressed via 
dH) if s' ^ 0. Another example are the spaces of generalized smoothness which can 
not be identified as spaces of variable smoothness. 

Since spaces of variable smoothness are included in the scale of 2-microlocal 
function spaces all special cases of the previous subsection can be identified in the 
definition of 2-microlocal spaces. 

Although the 2-microlocal spaces include the scales of spaces of variable smoothness, 
we will give some of our proofs in the notation of variable smoothness, since this 
notation is more common. We will then reformulate the results in terms of 2- 
microlocal spaces, the proof works then very similar; we just have to use ([5]). 



3 Local means characterization 

The main result of this section is the local means characterization of the spaces 
5^ -J ■j(R"'). For the spaces -^^.) there already exists a local means charac- 

terization ([301 Corollary 4.7]). We shall first give the full proof for the 2-microlocal 
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spaces and later on (in Section [22]) we restate the result also for spaces B^, 



and F' 



The crucial tool will be the Peetre maximal operator, as defined by Peetre in 
The operator assigns to each system {'^k)keNo C 5(M"'), to each distribution 
/ G 5'(M"') and to each number a > the following quantities 

{%f)a{x) := sup * X e M" and G Nq. (6) 



We start with two given functions il^o,ipi € We define 

ipj{x) = V'i(2~-''+^x), for x G M" and j G N. 

Furthermore, for all j G Nq we write = tpj. The main theorem of this section 
reads as follows. 

Theorem 6. Let w = {wk)kmo ^ ^ai.aa' P^l ^ V^°^{M.'') and let a > 0, R e Nq 
with R > a2- Further, let V'OiV'i belong to 5(M"') with 

D^MO)=0, /or < |/3| < i?, (7) 

and 

|^o(a;)|>0 on {xGM":|x|<e} (8) 

|V'i(2;)|>0 on {x G M" : e/2 < |x| < 2e} (9) 

for some e > 0. For a > + a and all f G 5'(M") we have 

« ||(^,*/KK,(.)(Lp(.))|| p. \\{nf)aWk\i,i.){Lp^.))\\ ■ 

Remark 3. (i) The proof relies on [JTj and will be shifted to the next section. 
Moreover, Theorem [6] shows that the definition of the 2- microfocal spaces of 
variable integrability is independent of the resolution of unity used in the 
Definition [5j 

(ii) The conditions ([7]) are usually called moment conditions while ([8]) and ([9|) are 
the so called Tauherian conditions. 

(iii) If i? = 0, then there are no moment conditions d?]) on -01. 

(iv) The notation ciog{l/q) stands for the constant from ([2]) with \/q{-). 

Next we reformulate the abstract Theorem [6] in the sense of classical local means 
(see Sections 2.4.6 and 2.5.3 in |53]). Since the proof is the same as the one from 
Theorem 2.4 in [30j we just state the result. 

Corollary 1. There exist functions ko, k G 5(1^") with supp /cojSupp k C {x £ M" : 
|x| < 1} and D^k{0) = for all < |/3| < 02 such that for all f G 5'(M'') 

II A:o(l, f)wo\ Lp(.)(M")|| + II A:(2-^ /)ii^,| V)(i^p(.))|| 
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is an equivalent norm on ^^^(R"). 
The building blocks get calculated by 

k{tj){x)= [ k{y)f{x + ty)dy = t-" [ k(y^)f{y)dy 

and similarly for A;o(l, f){x). 

A similar characterization for F^.-^ ^^'^ details how these functions kQ, k S 

<S(M") can be constructed can be found in [30] . 

3.1 Proof of local means 

The proof of Theorem [6] is divided into three parts. The next section is devoted 
to some technical lemmas needed later. Section 13.1.21 is devoted to the proof of 
Theorem [121 which gives an inequality between different Peetre maximal operators. 
Finally, Section 13.1.31 proves the boundedness of the Peetre maximal operator in 
Theorem [131 These two theorems combined give immediately the proof of Theorem 

m 

3.1.1 Helpful lemmas 

Before proving the local means characterization we recall some technical lemmas, 
which appeared in the paper of Rychkov [17]. For some of them we need adapted 
versions to our situation. 

The first lemma describes the use of the so called moment conditions. 
Lemma 7 ([47J, Lemma 1). Let g,h G S{W"') and let M G Nq. Suppose that 

{D'^g){0)=0 for 0<\I3\<M. 
Then for each N gNq there is a constant Cm such that 

snp\{gt*h){z)\{l + \z\^)<CNt^^, for < t < 1, 

where gt{x) = t^'"'g{x/t). 

The next lemma is a discrete convolution inequality. We formulate it in a rather 
abstract notation and point out later on the conclusions we need. 

Lemma 8. Let X C {{fk)k&l '■ fk '■ I^" [— oo,cx3] measurable} be a quasi-Banach 
space of sequences of measurable functions. Further we assume that its quasi-norm 
is shift-invariant, i.e. it satisfies 

II {fk+l)k&\ -'^ll = II {fk)k&\ X\\ for every I € Z and {fk)kez S X. 
For a sequence of non-negative functions {gk)kez ^ ^ O'^d 5 > we denote 

oo 
k=—oo 
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Then there exists a constant c > depending only on 5 and X such that for every 
sequence igk)kez 

\\{G^)u\X\\<c\\igk)k\X\\. 

Proof. Since X is a quasi-Banach space, there exists a r > such that ||-|X|| is 
equivalent to some r-norm, cf. [GlUl]. We have then the following 



{GMX\ 



E 2- 

\k=—oo 



\u~k\5 



9k 



X 



X 



<Y,'^-\'^'''\\{9um)u\X\\^- <c\\{g,UX\\\ 



Now taking the power 1/r yields the desired estimate. 



□ 



The spaces -Lp(.)(£g(.-)) and are quasi-Banach spaces which fulfill the 

conditions of Lemma [51 Therefore, we obtain the following 

Lemma 9. Let p,q G ^(M") and 5 > 0. Let {gk)k&z be a sequence of non-negative 
measurable functions on M" and denote 



GAx) = ^2-\''~'\'gkix), 



X e 



1/ G Z. 



Then there exist a constants Ci,C2 > 0, depending onp{-),q{-) and 5, such that 
\\Gv\tq{-){Lp(^-))\\ < Ci \\gk\iq{-){Lp(.))\\ and 

II G'^\^pi-)i^q{-))\\ ^ ll^fcl -^-p(-)(^g(-))|l • 

Remark 4. Of course, Lemma [9] holds true also if the indices k and i' run only over 
natural numbers. 

Since the maximal operator is in general not bounded on £g(.)(Lp(.)) (see [U 
Example 4.1]) we need a replacement for that. It turned out that a convolution with 
radial decreasing functions fits very well into the scheme. A careful evaluation of the 
proof in [H Lemma 4.7] together with Lemma [19] gives us the following convolution 
inequality. 

Lemma 10. Let p,q e P'°s(M") with p{-) > 1 and let ri^,m{x) = 2"''(1 + 2^^1x1)-™. 
For all m > n + Ciog{l/q) there exists a constant c > such that for all sequences 
(/j)ieNo e £q(^.){Lpt^.)) it holds 

II (.'llu,m * fu)iyeNo\^q{-){Lp{.))\\ < C \\ (/jOjGNo Kg(-) (^p(-)) II • 

The last technical lemma is overtaken literally from |47j . 

Lemma 11 ([17], Lemma 3). Let < r < 1 and let {'ju)ueNoj i(^u)u<=No be two 
sequences taking values in (0,oo). Assume that for some € No, 



7/^ 



limsup' 

u^oa Z 



< OO. 



(10) 
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Furthermore, we assume that for any € N 

oo 

holds, then for any € N 

oo 
A:=0 

holds with the same constants Cn- 

3.1.2 Comparison of different Peetre maximal operators 

In this subsection we present an inequality between different Peetre maximal oper- 
ators. Let us recall the notation given before Theorem [6l For two given functions 
V'cV'i e S{W) we define 

i)j{x) = V'i(2"^'+^x), for x G and j G N. 

Furthermore, for all j G Nq we write = ipj and in an analogous manner we define 
$j from two starting functions (j)Q,<j)i G iS(M"). Using this notation we are ready to 
formulate the theorem. 

Theorem 12. Let w = {wj)j^no ^ y^ai,a2' P^l^ V{W) and a > 0. Moreover, let 
G No with R > a2, 

D'3^i(0) = 0, 0<|/3|<i? (11) 

and for some e > 

|(/>o(x)|>0 on {xeW:\x\<e} (12) 
|</>i(x)[>0 on {x G M" : e/2 < Ixl < 2e}, (13) 

then 

\\mf)aWk\^q(-){Lpi.))\\ <c\\{^lf)aWk\iqi.){Lp(^.))\\ 

holds for every f G 5'(M"). 

Remark 5. Observe that there are no restrictions on o > and p,q & ^(M") in the 
theorem above. 

Proof. We have the fixed resolution of unity from Definition [1] and define the se- 
quence of functions {y^j)jeNo by 



(pj{x) 
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It follows from the Tauberian conditions (jl2p and (jl3p that they satisfy 

oo 

^Xj{x)4>j{x) = 1, X G M", (14) 
j=0 

Xj{x) = Xi{2-^+'^x), X G M", j G N, (15) 

and 

supp Ao C {x G R" : I^I < e} and supp Ai C {x G M" : e/2 < |x| < 2e}. (16) 

Furthermore, we denote = A^ for A; G No and obtain together with p4|) the 
following identities (convergence in 5'(M"')) 

oo oo 

/ = ^Afc*$fc*/, f = J2'^u*^k*^k* f- (17) 

k=0 k=0 

We have 



(1^ 



|(*,*Afc*$fc*/)(y)| < / \{^,*Ak){z)\\{<^>k*f){y-z)\dz 

< ($U)a(2/) / |(^. * Afc)(z)|(l + |2'=zr)(iz 
= : mf)aiy)Iu,k, 

where 

/.,A::= /" \i^u*Ak)iz)\il + \2'zndz. 
According to Lemma [7] we get 

^^'^ - ^ j2('^-fc)(<^+i+I«il), 1/ < A;. ^^^^ 

Namely, we have for 1 < k < v with the change of variables 2^z ^ z 

Iu,k = 2-" / \{^u~k * Ai(-/2))(z)I(l + \zndz 

< c sup |(^,_fc * Ai(./2))(z)l(l + IzD^+^+i < c2('=-'^)«. 



Similarly, we get for 1 < u < k with the substitution 2'^z t-^ z 

Iu,k = I |(^i(-/2) * Afc_,)(z)|(l + l2'=-'^zr)dz 

< c2''>'-k){M~a) _ 

M can be taken arbitrarily large because Ai has infinitely many vanishing moments. 
Taking M = 2a + \ai \ + 1 we derive (|19p for the cases k,v > 1 with k ^ v. The 
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missing cases can be treated separately in an analogous manner. The needed moment 
conditions are always satisfied by (jlip and ()16p . The case /c = = is covered by 
the constant c in (|19p . 
Furthermore, we have 

mf)a{y)<mf)a{x){i + \2Hx-y)n 

< mf)a{x){l + |2'^(x - y)n max(l, 2^'^^''^-). 



We put this into p8]) and get 



Multiplying both sides with Wu{x) and using 



leads us to 



This inequality together with pT|) gives for (5 := min(l, R — a2) > 

oo 
A;=0 

Taking the £q(.)(Lp(.)) norm and using Lemma yields immediately the desired 
result. □ 

3.1.3 Boundedness of the Peetre maximal operator 

We will present a theorem which describes the boundedness of the Peetre maximal 
operator. We use the same notation introduced at the beginning of the last subsec- 
tion. Especially, we have the functions Vfc £ 5(M") and ^'fc = G 5(M") for all 
k G No. 

Theorem 13. Let {wk)k&io e ^"1,02' « > ^ andp,q e P'°s(R"). For some e > 
we assume ipojipi G 5(M") with 

iV'ol > on {x e W : \x\ < e} , 
\ipi\>0 on {x G M" : e/2 < |x| < 2e}. 

For a > ^±£i2£(lM + a 
p 

II i%f)aWk\ig(^.){Lp(^.))\\ < C II (^'fc * f )Wk\ ^g{.)(-^^p(.))|| 

holds for all f G 5'(R"). 
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Remark 6. Observe that in the theorem above no moment conditions on ipi are 
stated but this time there are restrictions on a and p{-), q{-). 

Proof. As in the last proof we find the functions {^j)je'Mo with the properties (jlSp . 
(USD and 



J2 Xk(.2-''x)i!k{2'''x) = 1 for all u G Nq. 

k=0 

Instead of (fT7|l we get the identity 

oo 

"^u* f = Y,^k,,y*'^k,u*'^u* f, (20) 
A;=0 

where 

AkAO = [Afe(2-^-)]^(e) = 2^"Afc(2^e) for ah i^, k G Nq. 

The ^k,u are defined similarly. For k > 1 and G Nq we have ^k,^ = ^k+u and 
with the notation 



il}oi2-''x) if A: = 0, 

ipvix) otherwise 



(yk,u{^) 

we get iljk{2~'^ x)il)y{x) = (Tk,v{x)'4'k+v{x)- Hence, we can rewrite (pO|) as 

oo 

* ^k+u * /. (21) 

fc=0 

For /c > 1 we get from Lemma [7] 

o-A:M 

|(Afc,. * <7,,,)(z)I = 2(''-i)"I(A, * ^,{-/2)Wz)\ < Cm2'^"^^^^^ (22) 

for all /c, G No and arbitrary large M G N. For A; = we get the estimate (|22p by 
using Lemma [7] with M = 0. This together with (j2ip gives us 



(^.*/)(y)|<C,,2-^ / - 



|(^'fc+,*/)(z)|dz. (23) 



For fixed r G (0, 1] we divide both sides of ([25]) by (1 + \2^{x — y)|") and we take the 
supremum with respect to y G M". Using the inequalities 

(1 + \2%y - z)r)(l + \2%x - 2/)r) > c(l + \2%x - z)r), 

\{^k+u * f){z)\ < \{^k+u * f){z)nn+uf)a{x)'-'{l + \2'^'{X - Z)n'-' 



and 



(1 + |2'=+^(x-z)|'^)i-'' ^ 2*^° 



(1 + |2^(x - 2)1°^) ~ (1 + \2''+''{x - z)!")' 
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we get 



Now, we apply Lemma [TT] with 

N = M + n — a, Cn = Cu + n — a and A^'' in (fTOjl equals the order of the distribution 
/ € 5'(M"). 

By Lemma [TT] we obtain for every G N, x G and € No 

provided that (^*/)a(x) < oo. 

Since / € S'{W), we see that {^lf)a{x) < oo for all x G M" and all € No at 
least if a > A^*^, where A^*^ is the order of the distribution. Thus we have (j25p with 
Cat independent of / G 5'(M") for a > A^° and therefore with Cat = C^j for all 
a > (the right side of ([25]) decreases as a increases) . One can easily check that ([25]) 
with Cn = Cnj implies that if for some a > the right side of is finite, then 
(^'*/)a(x) < oo. Now, repeating the above argument resurrects the independence of 
Cat. If the right side of (|25p is infinite, there is nothing to prove. More exhaustive 
arguments of this type have been used in [55] and [l8] . 

We point out that (j25p holds also for r > 1, where the proof is much simpler. We 
only have to take ([23]) with a + n instead of a, divide both sides by (1 + |2'^(x — y)|") 
and apply Holder's inequality with respect to k and then z. 

Multiplying ([25]) by Wy{xY we derive with the properties of our weight sequence 

miu^YM^Y < p-H^*^^yjt::^;v^0^^ (20) 

for all X G M", z/ G No and ah A^ G N. 

Now, we choose r = and we have r(a — a) > n + ciog(l/<?). We denote 
9k+A^) = \i^k+u * f)izWu!k+uizY then we can rewrite ([26]) by 

oo 

{%fUxYw,{xY <C'^Y. 2-('--)(^+"^> {gl * ViAa-e.)) i^)- (27) 

l=u 

For fixed A^ > with 5 = A^ + ai > we apply the £q(j_{Lp(j_) norm and derive from 

r r 



iHf)>l\^q{-)/riLpi.)/r)\\ < Cn 



l=u 



^q{-)/r{Lp[-)/T 
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Now application of Lemma [9] and LemmafTOlfrfa — a) > n+c\o^{l/q)) on the formula 
above give us 



II < II * /)(or^.(-r! w(W)l 

which proves the theorem. 



□ 



3.2 Local means characterization of B 



and Ff,^ 



In this section we reformulate the local means characterization for ^ ^^^^(IR") from 
above and for F^.-^ cj( )(^") from Corollary 4.7 in |30J in terms of variable smoothness. 
If we have a variable smoothness function s G C^^°^(M") given, then Wj{x) = 2^^^^^^ 
defines an admissible weight sequence w G W^^ ^2 with qi = s~, 02 = s'^ and 
a = ciog(s), cf. RemarkEl Here, we denote by ciog(s) the constant in ([2]) for s(-). 

Theorem 14. Let p,q e ^^"^(R") (p+,q+ < 00 in the F-case) and s G C'°f(M"). 
Further let a > 0, R No with R > and let ipo,ipi belong to with 



and 



D^iji{0) = 0, forO<\f3\<R, 



\iIjo{x)\>0 on {x e R"' : \x\ < e} 
|V'i(x)|>0 on {x eW"- : e/2 <\x\ <2e} 



for some e > 0. 



1, For a > I^±B2eMI + 



s) and all f G 5'(M") we have 



2. For a > 



min(p~ ,g~) 



+ Ciog('S) o-iT'd all / G 5'( 



we have 



Remark 7. During the referee process of this work, there appeared in [18J a char- 
acterization by local means and a characterization by atoms for S^| j^^^(M"). The 

author moved the smoothness sequence 2'^^'^ -' into the Peetre maximal operator ([6]) 
and modified it to 



in2'''^-^f)a{x) = sup 



For this modified Peetre maximal operator he obtained in [18\ Theorem 2] an equiv- 
alence of the norms similar to our Theorem [H for .^(M"). The advantage of 
his method is that the condition on a > weakens to a > 
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4 Ball means of differences 



This section is devoted to the characterization of Besov and Triebel-Lizorkin spaces 

by ball means of differences. In the case of constant 
indices p, q and s, this is a classical part of the theory of function spaces. We refer 
especially to [221 Section 2.5] and references given there. It turns out that, under 
the restriction 

s>ap = n ( - l) (28) 

in the -B-case and 

s>apn = n(—-^ TT-1) (29) 

^'^ \mm{p,q,l) J ^ ' 

in the F-case, Besov and Triebel-Lizorkin spaces with constant indices may be char- 
acterized by expressions involving only the differences of the function values without 
any use of Fourier analysis. This was complemented in |49] and [50j by showing that 
these conditions are also indispensable. Of course, we are limited by ([28]) and ([29]) 
also in the case of variable exponents. 

The characterization by (local means of) differences for 2-microlocal spaces with 
constant p,q > 1 was given by Besov |8j and a similar characterization for Besov 
spaces with p = q = oo and the special weight sequence from ([3]) was given by 
Seuret and Levy Vehel in [35] . We refer to [19] and [29] for the treatment of spaces 
of generalized smoothness. 

Our approach follows essentially with some modifications described in |54j . 
The main obstacle on this way is the unboundedness of the maximal operator in 
the frame of -^^p(-)(^g(-)) and ^q{-){Lp{_.)) spaces, cf. [17, Section 5] and [U Example 
4.1]. This is circumvented by the use of convolution with radial functions in the 
sense of [T7] and [1] together with a certain bootstrapping argument, which shall be 
described in detail below. 

The plan of this part of the work is as follows. First we give in Section [4.11 the 
necessary notation. We state the main assertions of this part in Section r4.2l Then we 
prove in Section [4.31 a certain preliminary version of these assertions. In Section [4.41 
we prove a characterization by ball means of differences for spaces with q € (0, oo] 
constant (where the maximal operator is bounded) and use this together with our 
preliminary characterization from Section 14.31 to conclude the proof. Finally, in 
Section 14.51 we will present the ball means of differences characterization also for the 
2-microlocal function spaces i?^^^^^(R") and F^^^^ -|(R") and in Section [4.61 we 
present separately some useful Lemmas, not to disturb the main proofs of this part. 



4.1 Notation 

Let / be a function on and let h E R". Then we define 

Ai/(x) = /(x + /i)-/(x), xGM^ 
The higher order differences are defined inductively by 

Af/(x) = Ai(Af-V)(x), M = 2,3,... 
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This definition also allows a direct formula 

Ar/(x) := jy^-iy fix + (M - j)h). 

By ball means of differences we mean the quantity 



(30) 



df /(x) = t- 



\At'f{x)\dh= I |Af^/(x)|d/i 



h\<t 



.M ■ 



B 



where B = {y ^ R" : \y\ < 1} is the unit ball of M", t > is a real number and M 
is a natural number. 

Let us now introduce the (quasi-)norms, which shall be the main subject of our 
study. We define 



+ 



l/q{x) 



^Pi- 



rn 



and its partially discretized counterpart 
||/|F;(:)^(.)(M")ir* := ||/[L,(.)(M")|| 



+ 



j2 2fc^(-)'?{-) {4Uf{x)) 



q{x) 



l/q(x) 



\k=—oo 



\\f\L,^.){^n\\ + 



k=~oo 



Lp(.)(M") 



The norm ||/|-F'p(^.)'^(.-)(K")ir* admits a direct counterpart also for Besov spaces, 
namely 



fc=— oo 



• (32) 



Finally, we shall use as a technical tool also the analogues of ()3ip - ()32p with the 
integration over t restricted to < t < 1. This leads to the following expressions 



nn 



+ 



-s(x)q{x) 









Lp(.)(M") 



+ 



q{x) 



l/q(x) 



\k=0 



\\f\L,^.){^n\\ + 



2^^(")d^,/(x; 



n\ II ** 
1 



||/|L,(.)(E")|| + (2^'«(-)d^,/(x))^^^ \(qi-)iLpi.)) 



k=0 

00 



^p(-)(^g(-)) 
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4.2 Main Theorem 



Using the notation introduced above, we may now state the main result of this 
section. 



Theorem 15. (i) Let p,q e P'°g(R") with p+,q+ < oo and s e Cl 
M € N with M > s'^ and let 



s > a, 



p ,1 



T , ciog(s) ■ / - - 

1 H • min( p , q 

n 



Let 



(33) 



Then 



and 



IF 



and 



same holds for \\f \F^l^l^^,^{W^)\\** . 



i<S,,(.)(M'^)r 



.si-) 



are equivalent on F^^Vj ^^^(M"). The 



(ii) Let p,q£ pi°s(M") and s G (M"). Lei M G N with M > s+ and let 



S > (T„ 



n 



(34) 



Then 



B 



si-) I 

pi-)M-V 



{/GLp(.)(M")n5'(E"):||/|i?^ 



and II • IS 



p(-)M-V 



and II • iB'i'l ,s(M")|t** 

II 1 p(-),g(-)V 



are equivalent on B 



< oo} 



p(-u(r 



r). 



Remark 8. Let us comment on the rather technical conditions (j33p and 

• If min(p^,g~) > 1, then ()33p becomes just s~ > 0. Furthermore, if p, g and s 
are constant functions, then (|33|) coincides with 



• If p > 1, then (jM|l reduces also to s > and in the case of constant 
exponents we again recover (|'28|) . 

As indicated already above, the proof is divided into several parts. 



4.3 Preliminary version of Theorem 1151 

This subsection contains a preliminary version of Theorem [15] (Lemma [T6|) . Its 
proof represents the heart of the proof of Theorem [TJl For better lucidity, it is again 
divided into more parts. 

Lemma 16. Under the conditions of Theorem \15l the following estimates hold for 
all f e Lp(.)(M") n5'(M'").- 



i<S,,(.)(M")iit 



\f\K 



p(' 



\B 



Pi-Ui-)"-^' 

;[.t(.)(^")iir< 



r < ii/ii^, 



\j \ pi 



n\\i\ 



< 



\f\B: 



p(-)M-V 
si-) 



(35) 
(36) 
(37) 
(38) 
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Proof. Part I. First we prove (j35p and l\36\i . We discretize the inner part of 
and obtain 



t 



J^\Af[f{x)\dhj I 



q{x) 



dt 



l/gix) 



(39) 



■A;=— oo 



q{x) 



dt 



l/q{x) 



If 2-^-^ < t < 2"'', then 2''''(^)«(^) < < 2('^+i)^(^)9(^) and 

J2~{k+i)B JtB 

Plugging these estimates into ([39]) . we may further estimate 



l/q{x) 



/•OO / /■ \ q(x) 1, 

2^k+l)s(x)q(x) (^kn \/:^Mf^^)\dK 



< 



< 



k=—oo 

OO 



q{x)-i 1/qix) 



J2 2'=^W''W(^|A2^{,^/(x)|dxy 



■k=—oo 

The estimate from below follows in the same manner. Finally, the proof of (|36p is 
almost the same. 

Part II. This part is devoted to the proof of the left hand side of p7p . It is 
divided into several steps to make the presentation clearer. 
Step 1. First, we point out that the estimate 



\f\Lp{.){ 



< 



follows from the characterization of -B ; ^ , 



) in terms of Nikol'skij representa- 



tions (cf. Theorem 8.1 of |.1J). We refer also to Remark 2.5.3/1 in [52J . The extension 
to F-spaces is then given by the simple embedding 



< 



with e > chosen small enough. 

Step 2. Let {ipj)ji=ng be the functions used in Definition [3l We use the decom- 
position 



f = f{k+i), keZ, 



/=— oo 



21 



where f(^k+l) = {'fk+lfY^ or = if A; + / < and get 

q{x) 



fc=o ^ 

k=0 \l=-oo / / 



q{x) 



If q{x) < 1 then we proceed further 

'^-khf(k+i){x)\dh 



oo / „ CO 

k=0 V^l=-oo 



oo oo . „ ^ q(x) 

fc=0/=-oo ^-^^ ^ 

If > 1, we use Mmkowski's inequahty 

/ oo ( oo \ 

yA;=0 \ ^ l=—oo 

oo / oo ^ „ 

Z=-oo \fc=0 ^''^ 



q(x)\ 



We spHt in both cases 

oo oo 

E - = 1+^= E ••• + E--- (40) 



Z=— oo /=— oo /=1 



S'iep 5. We estimate the first summand with / < 0. 
We use Lemma [22] in the form 

|Af < C^niax(l, \bhn ■ min(l, \bh\^')Pb,afik+i)ix), 

where a > is arbitrary, b = 2^^^ and 

Pbafix)= sup 

Furthermore, we use this estimate with 2~^h instead of h. We obtain 

\A^Ljik+i)ix)\dh < [ max(l, \b2-'^hn ■ min(l, \b2-^h\^')Pt,afik+i)ix)dh 
Jb 

<2'^^P2^H-,,,/(fc+;)(x). (41) 



B 



The last inequality follows from max(l, \b2 < 1 (recall that / < and \h\ < 1) 

and min(l, \b2-''h\^') < 2'*^ 
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If q(x) < 1, we estimate the first sum in (jJO 

oo 



;— u—n \J B 



q{x) 



q{x) 



l=—oo k=0 
oo 

Z=— oo k=0 

oo 

/=— oo A;=0 
oo 

k=0 

wliere the last estimate makes use of M > s+, g~ > and the fact that f(^k+i) = 
for + Z < 0. 

If q{x) > 1, we proceed in a similar way to obtain 



/ oo .A 

< ^ K:2M^)^W(2'^^P,..,,/(,^,(x))^^^M 

i=-oo \A:=0 / 
/ oo \ 

l=-oo \k=0 ' / 

/ oo \ 



l/q(x) 



We have used in the last estimate again M > and the definition of f(^k+i)- 
Hence, 



holds for all x € M". 
Finally, we obtain 



< 













Lp(.)(M") 



(42) 



where we used the boundedness of Peetre maximal operator as described in Theorem 
Ofor a > large enough. 



23 



Step 4- We estimate the second summand in ()40p witli / > 0. If min(p~, q~) > 1, 
then we put A = 1. Otherwise we choose real parameters < A < min(p^, q^) and 
a > such that 

Tl 

a > r + Ciog(s) 

ramyp ,q) 

and a(l — X) < . Due to ([33]) . this is always possible. 

We start again with estimates of the ball means of differences. We use Lemma 
[22] and W) to obtain 



(43) 



B Jb 

< [ (max(l,|2^'+'2-'^/ir)min(l,|2'=+'2-'=/i|*'^)P2.+.,,/(fe+;)(x)''~' 
.M p / mA 



•|Af,,/(,+,)(x)rd/i 
(2''^P2.+,,,/(,+,)(x))'"' / \A^i,J^,+i){x)\>^dh 



B 

1-A *^ f 

j=o 



where the constants cj^m are given by ([50]) . 

We shall deal in detail only with the term with j = 1. The term with j = is 
much simpler to handle (as there the integration over h ^ B immediately disappears) 
and this case reduces essentially to Holder's inequality and boundedness of the Peetre 
maximal operator. The terms with 2 < j < M may be handled in the same way as 
the one with j = 1. 

We use Lemma [20] with r = A in the form 

\f{k+i){y)\^ ^ {rik+i,2m * l/(fc+/)l^)(y), 

with m > max(n, ciog(s)), Lemma [23l and Lemma [T9l to get 

2'=^(")' [jf^k+i){x + 2-'^htdh 

<2'=^W^ / {m+l,2m*\fik+l)\^){x + 2-'^h)dh 



B 



B 

= 2'=^(^)^([2'="x2-^b] * m+i,2m * \fik+i)\'){x) (44) 
<2'-<^^\rik,2m*\fik+l)\')ix) 
<(r?fc,™*|2'^(-V(fc+/)l')(x) 
<2-'^-^(%,^*|2('+')^(-)/(fc+/)l')(x). 
We insert (1441) into (1431) and arrive at 



^ksi.) /jA^,J(,+,)(x)|d/i (45) 
< 2''^(i-^)-'^~ (2('+')^(^)P2^+^./(fc+o(^))'"' (%,™ * |2('=+')^(-)/(,+,)|^)(x). 
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If q{x) > 1, we proceed further with the use of Holder's inequality 

oo 

jjl/q{x) < ^ 2'"(1-^)-^*" 
1=1 

\fc=o 

oo / oo 



=1 \A;=0 / 

/ oo \ ^/lix) 

\k=0 ) 
{l-\)/q{x) 



1=1 

oo 



oo / oo \ V^W 

1=1 \k=0 ) 

If q{x) < 1, we obtain in a similar way 

oo 
fe=0 

oo / oo "iX 

1=1 \k=0 ) 

(oo \ ^ 

A;=0 / 

(oo \ 

A;=0 / 

oo / oo \ 
.Y^^ilail->.)-ls-),i^.) ^(^^^^ , |2('=+^)^(-)/(,+ol')'^^^^'(^) 

/=1 \ifc=0 / 
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and further (with use of Lemma [2 



OO 



(l-A)/g(x) 



l/q{x) 



< 



\k=0 



q(x) 



(l-\)/q(x) 



X\a(x 



x] 



1=1 



,fe=o / 



\/q(x) 



If we denote 



F{x) := (f; (2'=^(^)P2^a/w(^))'^'J 
\A;=0 / 



l/g(x) 



X € 



and 



we get for 6 := -1/2 • (a(l - A) - s") > 



OO / OO 



X/q{x) 



(46) 



1=1 



\k=0 



We use |l-Fi"^F2^|lp(.) < 2|lFi llJ^y^-^HFallJ^.), cf. [Ml Lemma 3.2.20], and suppose that 
the Lp(^.'j— (quasi-)norm is equivalent to an r-norm with < r < 1. Together with 
Lemma [21] we arrive at 



< 



< 



< 



< 



OO / OO 

^2-M^(,,,^*<J^(^)A(x) 

1=1 \k=0 



1=1 



l/q{x) 



1/qix) 



Xr 



Pi-) 
Xr 



.X 

k+l 



\k=0 



OO 



1=1 

OO 

/|f;»^(.)(m")I|(i-^)^.^2-'^'-||(<,(x)) 

OO 

)||(i~^)^.^2-'^^ {B^ix^o 



OO 

A:=0 



\oo 
)k=0 



1=1 



r 

Lp(.)/\{tq{.)/x) 



Pi-) 

r 

Lp(-)/xieq{.)/x) 

(47) 
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rs-/ 1 1 J I 7 



< 



which finishes the proof. 

Part III.: We prove the right hand side of l\37\i . We fohow again essentially 
[52\ Section 2.5.9] with some modifications as presented in [;54j. Roughly speaking, 
compared to the case of constant exponents, only minor modifications are necessary. 
Let V G C^(M") with = 1, |x| < 1 and ^(x) = 0, |x| > 3/2. We define 



/.=o ^ ^ ^ 



ipiiM - fi)x). 



It follows that ifo G C^(M") with ip{x) = 0, [x| > 3/2 and ip{x) = l,\x\ < 1/M. 
We also put (pj{x) = ipQ{2~^x) — ipo{2~^^^x) for j > 1. This is the decomposition 
of unity we used in the definition of ||/|-F 



due to [T7j and [30], this (quasi-)norm of \\f\^p(.) q(.) 
choice of the decomposition of unity. 
We observe that 



, cf. Definition [3l Recall that 
(M")|| does not depend on the 



ipo{x) 



-1 



{Km 



and 



{F-^^,Ff){x) 



(J-iAf^(0)7-/)(x) + (-l 
Furthermore, a straightforward calculation shows that 

M 



M+l 



fix), 



J = 0, 
J > 1- 



(48) 



Y^i-i^T-'miM -u)2-^-)Tf]{x: 

u=Q 
M 

^(_l)«7-i[^((M-u)2-^-.)]*/(x 

u=0 
M 

Y^i-ir / j'-'mfix-{M-u)2 



(49) 



< 



-^h)dh 

M 



holds for every j G Nq. We denote g = ijj G 5(M"') and obtain 
,||«||2^-^W(7-V,-F/)(x)lL,(.)(£,(.)|| 



(50) 



<||/lLp(.)(M")|| + 



2^-^W / I^^(/i)|.|Af_,,/(x)|d/.|L,(.)(^,(.)) 



The rest of this part consists essentially of using the property of 5 S iS(M") to come 
from (EOl) to II • II**. 
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We denote 

Jo := B, lu := \ 2"~^B, u G N 

and use \g{h)\ < c2~"'^,/i G lu with r taken large enough (recall that g G 5(1^"^)) 
and estimate 

n OO „ 

/ b(/i)|-|A^,,/(x)|d/i = ^ / |9(/i)|-|A^,J(x)|d/i 

oo ~ 

<^2-«^2^"/ |Af/(x)|d/i (51) 

oo „ 

^y-2«(«-02-(«-i)" / |Af/(x)|d/i. 



We put 
and 



G,(rc) := 2^-^(-)|(J-i(A^,^V(0))^/)(x)!, j G Nq 

5fc(x) := 2^«(-)2'=" / [Af /(x)|d/i, A: G Z. 
Using ([I8|) . ([I9]) and ([5T]) . we obtain the estimate 



oo „ 

Gj(x) < 2J'^(^) V2"("-^)2-("-J')" / |Af /(x)!d/i 

n=0 

= y 2(J-'=)«(^)2(^'-'=)("-'^)2'="(^)2'=" / \A^f{x)\dh (52) 

3 oo 

= ^ 2(^'~'^)("(^)+"-'^)5fc(x) < 2l^-'=l-(^(^)+"-'')5fc(x). 



fc=— oo k=—oo 



Choosing r > + n and applying Lemma [U] then finishes the proof. 

Part IV. The proof of the left hand side of ()38p follows in the same manner as 
in Part II. We shall describe the necessary modifications. First, let us mention, that 
the condition g"*" < oo was used only in the application of Lemma [2TJ In the rest of 
the arguments also the case q{x) = oo may be incorporated with only slight change 
of notation. 

Let us put 

f^'^Hx) := 2'=^(^) / \A^_,J{x)\dh, X G M". 
Jb 



We obtain (in analogue to (jlQ]) ) 

f(k) ^ fikli ^ fikin .^^ J2 2M^) / |A^!,J(,+,)(x)|d/i 

oo „ 
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We estimate the first sum using (j4ip and get 

fc oo 



k\{M-s+)^l 
ui 

l=—oo u=0 u=0 



where gj^ := 2"'*'^^^P2",a/{u)(2^)- The apphcation of Lemma[9]and Theorem 1141 with 
a > large enough gives 



i^^g \^q(-)\-^P(-)J\\ II vy«7„=o i^g(-jv^p(-j;ii ro \\j i--p(.),g(.)V-- ;ii- 

To estimate f^'^^'^^ , we proceed as in the Step 4 of Part II. If > 1, we choose 
again A = 1, otherwise we take < A < p~ and 



(53) 



n + ciog(l/g) 
o > h Clog(s) 

such that a(l — A) < s~. This is possible due to ([3l]l . 

We use with m > max(n + ciog(l/Q'), ciog(s)) to get 

oo _, 

1=1 

•(%,™*|2('+')^"/(fc+0(-)l')(^) 

oo 

where gl_^_i{x) := |2(^+')*(^)/(fc+;)(x)|. We take the (quasi-)norm of the 

last expression - and assume that it is equivalent to some r-norm. This gives for 
6 := s~ — a{l — A) > the following estimate 

oo 

1=1 

oo 

1=1 

oo 

< ^2-'^ni5^IV-)(^p(-))ll^'"'^'^ • \\Vk,m * (5i+;)'l^,(.)/A(^p(.)/A)ir 

oo 

< 5^2-'^nbiiV)(^p(.))ii^'~'^'^ • ii(5i+j'iV)/A(%)/A)ir (54) 

oo 

<\\f\B;[l^.)mr. 

We have used Lemma [10] and Lemma [251 

Pari V. The right hand side inequality of (j38p follows also along the same line 
as in Part III. We just combine (|52|) with the choice r > s+ + n and apply Lemma 
El □ 
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4.4 Proof of Theorem \TE\ 

This section is devoted to the proof of Theorem [T5j We start with the case of 
constant q. In that case, the usual Hardy-Littlewood maximal operator 

M/(x)=sup / / \f{y)\dy 

is bounded on ig{Lp(^.-^) and Lp(^.-^{lq). Indeed, the following lemma is a consequence 
of tl2j and [16, Theorem 4.3.8]. 

Lemma 17. (i) Let p S 'P^°^(M."') with 1 < < p+ < oo and 1 < q < oo. Then 

II (M/,)~ _oo| Lp^-)(.U)\\ < II (/i)i^-oo| Lp(^-M\ 
for all (/,)~„^GLp(.)(£,). 

(ii) Let p G P'°s(M") wii/i p- > 1 andO < q < oo. Then 

||(M/,)~_oo|^,(Lp(.))|| < ||(/,-)°^_oo|^.(^p(.))|| 
for all (/,)~_^G^,(Lp(.)). 

Proof of Theorem \15[ With the help of Lemma [T71 we prove Theorem [15] for q 
constant. In view of Lemma [T6l it is enough to prove 

\\f\F;ll^,^{R")\r < )^(.)(M")|| (55) 

and a corresponding analogue for the i?-spaces. 

Part I. In this part we point out the necessary modifications in the proof of 
Lemma [16] to obtain a characterization by ball means of differences for i?p| |^(IR"') 

and F^j-^^ ^{W"'). The proof follows the scheme of Part II of the proof of Lemma [16] 

oo oo 

We start with instead of . With this modification the Steps 1-3 go through 

fc=— oo k=0 

without any other changes and we obtain (|42p again (just recall that /(^^ = if 
k < 0). 

Due to the boundedness of the maximal operator there is no need for the use of 
r-trick and convolution with r]i,^m- The analogue of (|i3]l . (jH]) and (|i5]l now reads 
as follows: 

^ksi.) f (^x)\dh 
Jb 

i-A ^ r 

<{2^<-)2'-p^,^, J^^^i^{x)) " ^c,,M / 2'=^(-'+^-2"')^|/(fc+;)(x + j2-'^/i)|^d/i 

3=0 

< ^lail-X)-ls- (2(^•+')«(-)P2.+^a/(fc+/)(^))'"' ' 

M „ 

.^c,,M / 2('=+')^(^'+^-2-'='')^|/(,+,)(x + j2-'=/.)|^ci/. 

< 2'-(^-^)-'^- (2(^+')^(-)P2^+. ,/(fe+,)(x)) ^c,-mM(|2(^+')s(-)/^^^^^(.)|A)(^)^ 



3=0 
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where we used Holder's regularity of s(-), see ([5]). As a consequence, we obtain 

1=1 \k=-i / 

instead of ()46p . The rest then follows in the same manner with the help of Lemma 
[T71 and the proof of ([55]) is finished. 
The proof of 

ll/|i?;[;[^(.)(M")r* < 

follows along the same lines. Especially, we get 

oo 

1=1 

instead of ()53p . The rest follows again by Lemma [T71 

Part II. Finally, we present how the characterization for q constant can help us 
to improve on the case of variable exponent q{-). 

In view of Lemma [T6t it is enough to show that 







q(x) 



l/q(x) 



\k=—cio 

But this is a consequence of 
' 



L 



< 



IF 



■■(■) 



q{x) 



l/q{x) 



< 



1/9- 



L 



<II/|f;(-);!(m")||<!|/|f;(-)^(.)(^^ 

where e > is small enough and we used the differences characterization for fixed q 
and a trivial embedding theorem. 

The same arguments apply for the Besov spaces and the proof is finished. □ 

Remark 9. The somewhat complicated proof of Theorem [15] would work more direct 
and simpler if we could use versions of Lemmas [TU] and [21] in (|47p and (|54p where 
the summation runs over G Z. 

For Triebel-Lizorkin spaces there seems to exist such an extension [14], but for Besov 
spaces the proof of Lemma[10]in [Ij seems to be to customized to the situation v £ Nq. 
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4.5 Ball means of differences for 2-microlocal spaces 

As already remarked in Section 12.21 all the proofs for spaces of variable smoothness 
do also serve for 2-microlocal spaces. One just has to use the definition of admissible 
weight sequences and the property ([5]), see Remark [2j 

First of all we give the notation for the (quasi-)norms. For simplicity we just use 
the discrete versions, although it is also possible to give continuous versions of 2- 
microlocal weights, see |56l Definition 4.1]. In analogy to the spaces of variable 
smoothness we introduce the following norms 



f\B. 



+ 



and 



f\K(- 



+ 



Finally, the preceding calculations show that the following theorem is true. 

Theorem 18. (i) Let p,q e P'°s(M"') with p'^,q^ < oo and w £ W^^ 

M > a2 and 



a2 ■ 



ai > a. 



p ,<J 



a 



1 H • min(p , q ) 



n 



Then 



and II • IF' 



p(-),q{-V 



{/GL,(.)(M"):||/|F;^.)_^(.)(M")ir*<oo} 



p{-U{-)' 



and II • \F 



p(-)MV 



are equivalent on 



(ii) Let p,q€ pi°s(M") and w G W^^^^^. Let M > a2 and 



r). 



ai > a„ 



1 + 



ciog(i/g) 



n 



a 
n 



Then 



and II • \B' 



b: 



pi-),Qiv 



{/ G L,(.)(M") : \\f\B; 



< oo} 



Let 
(56) 



(57) 



■-)^^(.)(R")|| and II • |S-)^^(.)(IR")|1** are equivalent on )_^(.)(M"). 

Remark 10. Again, if min(p^,g^) > 1 in the F-case, or > 1 in the B-case, then 
the conditions (|56|) and (|57p simplify to ai > 0. In the case of constant exponents 
p,q we obtain similar results to [8j and [35j . 



4.6 Lemmas 

The following lemma is a variant of Lemma 6.1 from |17j . 

Lemma 19. Let s E C'°^(M") and let R > ciog(s) , where ciog(s) is the constant 
from ([2]) for s{-). Then 

2''<^'>V.,m+R{x -y)< c2-(^)r,,,„(x - y) 

holds for all x, y G and m G Nq. 
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Lemma 20. Let r > 0, > and m > n. Then there exists c > 0, which depends 
only on m, n and r, such that for all g G 5"(]R") with supp g C G M" : |^| < 2^^^^}, 
we have 

\9{x)\<c{r^,,m*\9\''{x)Y'\ XGM". 
The following lemma is the counterpart to Lemma [TOl for Triebel-Lizorkin spaces. 

Lemma 21 ([17], Theorem 3.2). Let p,q G pi°g(M") with 1 < < p+ < oo and 
1 < q~ < < oo. Then the inequality 

II iVu,m * fr=0\ ^p(-)(^.(-))|l < C II ifur=0\ ^p(-)(^.(-))|l 

holds for every sequence {fu)uef'lo of L''f'^{W^) functions and m > n. 

The following lemma is well known (cf. [52j). We sketch its proof for the sake 
of completeness. 

Lemma 22. Let a,b > 0, M e N and h e W . Let f G 5'(M") with supp / C G 
M" : 1^1 < b}. Then there is a constant C > independent of f,b and h, such that 

|Af < Cmax(l, \bh\'') ■ min(l, |6/i|*^)Pb,„/(x) 

holds for every x G M". 

Proof. The estimate 

< maxil, \bhnPb,afix), j = 0,...,M, 

holds for all the admissible parameters even without the assumption on /. 
Hence we need to prove only 

\Af:'f{x)\ < Cmax(l, \bhn ■ \bh\'' ■ Pb,af{x). (58) 

Using the Taylor formula for the (analytic) function /, we obtain by direct calcula- 
tion 

|Af/(x)|<c|/.r sup sup '^^°i^[r7a^^' -(l + N") 

\a\=M \y\<M\h\ 1 + |02/| 

„/,.,M^_,-, „„a^ _ _ \iD-f){x-y)\ 



< c'\hr max(l, |6/i|") • sup sup 



a\=M \y\<M\h\ 

l + \by\- 

If supp 5 C G : 1^1 < 1}, then this may be combined with the Nikol'skij 
inequality, cf. [52l Section 1.3.1], in the form 

|(D"g)(x-z)| ^ \9ix-z)\ 
sup sup —Tl-r. ^ sup 



to obtain 



\a\=MzeR" l + \z\°- ^ zm" 1 + kr 



|Af 5(^)1 < c"\hr max(l, l/i^) ■ sup (59) 
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If supp / C G M" : 1^1 < b}, we define g{x) = f{x/b), apply ([59]) together with 
Afff{x) = A^^g{bx) and obtain 

|Ar/(x)| < |6/^|^Vax(l,|6/.r) sup '"f"",;^' . 



Prom this ()58p follows and the proof is then complete. □ 

The following lemma resembles Lemma A. 3 of |17) . 
Lemma 23. Let /c E Z, / G No and m > n. Then 

r]k+l,m * [2''"x2-'=b] ^ m,m- 
Proof. Using dilations, we may suppose that k = 0. If \x\ < 2, then 

/ 2"'(1 + 2'|y|)-™dy < / 2"'(1 + 2'|y|)— < (1 + |x|)-"^. 

J{j/:|a;-j/|<l} Jy€R" 

If |x| > 2 and |x - y| < 1, we obtain 1 + 2^\y\ > 1 + 2^\x\ and 2"^(1 + 2^1x1)-"^ < 
(1 + Ix])"™". This immediately implies that 

/ 2"'(1 + 2'|y|)-™ciy < [ (1 + [xD—dy < (1 + |x|)— . 

□ 

Remark 11. Another way, how to prove Lemma [23] is to use the inequality xb{x) < 
2^r]Q^m{x) and apply Lemma A. 3 of |17j . 

The following Lemma is quite simple and we leave out its proof. 

Lemma 24. Let < q < oo, 6 > and let {ai)i^fq be a sequence of non-negative 
real numbers. Then 

/ OD \ 1/9 oo 

\i=i J 1=1 

where the constant involved depends only on 5 and q. 

Finally, we shall need a certain version of Holder's inequality for ^q(-){Lp(^.)) 
spaces. 

Lemma 25. Let p,q e P(IR") and letO < X<1. Then 

holds for all sequences of non-negative functions (/fc)fcGNo o'^^ (5'fc)fcGNo- 
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Proof. Due to the homogeneity, we may assume that 



1/(1-A) 



1/A 
9k 



1. 



Then for every e > 0, there exist two sequences of positive real numbers {Xk)k€No 
and (/Ufc)fceNo) such that 

oo oo 



k=0 



k=0 



and 



We put 



Qp(-) 



f> 



1/(1-A)' 



,!/<?{■ 



< 1, 



< 1. 



c := 2 and 7a; := > r-^ — 

and use the Young inequahty in the form 

[fk{x)gk{xW^'=^ < (1 - A)/fe(xrW/(i-^) + A<7fe(x)P(-)/^ 

to obtain 

p{a;) 



/ 



fk{x)gk{x) 



dx<{l- A) 
<(1-A) 



/,(^)pW/(i-a) 

gp(a;)^PW/g(^) 
/^(a;)pW/{l-A) 



Furthermore, the estimate 



fc=0 



< 



A' 



2(1 + e) 



p{x)/q{x) 



dx + X 
dx + X 



dx 



f^k 



dx < 1. 



1 + e 



finishes the proof of (|60|) with the constant c = 2^/^ 



□ 
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